Generalized formulations of Maxwell's equations for numerical Vlasov-Maxwell simulations by Barthelmé, Régine et al.
HAL Id: inria-00070176
https://hal.inria.fr/inria-00070176
Submitted on 19 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
Generalized formulations of Maxwell’s equations for
numerical Vlasov-Maxwell simulations
Régine Barthelmé, Patrick Ciarlet, Eric Sonnendrücker
To cite this version:
Régine Barthelmé, Patrick Ciarlet, Eric Sonnendrücker. Generalized formulations of Maxwell’s equa-










   



















ap por t  
de  r ech er ch e 
Thème NUM
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
Generalized formulations of Maxwell’s equations for
numerical Vlasov-Maxwell simulations
Régine Barthelmé — Patrick Ciarlet — Eric Sonnendrücker
N° 5850
Février 2006
Unité de recherche INRIA Lorraine
LORIA, Technopôle de Nancy-Brabois, Campus scientifique,
615, rue du Jardin Botanique, BP 101, 54602 Villers-Lès-Nancy (France)













































4x4t$|´v}v}z]{wv}yf{wh[¶  ² [µu(hSßvw|´ªuh¥7h{fH[{}v1h]t¦vmuhh]tmx4[rut}h7{h7vmuhg+[x>vw{}h]{1B² h¨u|t(vwh7x47hhv
N² yfxf||v}zuh+t¦'yuvw|'x4x4tu|¼@z7{wh7x>vwt][t]¶














+ v · ∇xf + +
q
m
(E + v ×B) · ∇vf = 0,
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f ≡ f(x,v, t)
{wh74{}hSt¦h]x'vtXv}dfh4{}v}|h
fh7x4t}|´v(r_|x fd4't¦h$t}4[7hX[x4
E ≡ E(x, t)
°
B ≡ B(x, t)








+ div J = 0. 4+576
Yªv}d4|t{wh7vw|'x½f>hStxf[vdf[©°6'xfh<7[x'h7{w|´ª³r_h][t}|r¹vwd4v¥v}dfh]{}h+|txfEt}[yuv}|[xv}ElE¨u¯±h]N² t





; ¶=<m{S°S[xfh]xdfs't}h	v}Hh7{}ª³[{wg 17[{w{}hSßvw|'xk[x"vwdfh¬7[g+fyuvwh]"h7h]v}{w|Zh7t}<vwd4v|v§{wh7g$[|x4tmfdsrut¦|7[r¹'{}{wh]v]¶ ®x4{w'ßv}|h'°Hv}dfh+v¦vwh7{"f4{}>[d¹|tmyZt¦y4[r¹f{whª³h]{}{wh]©¶3 6v}df>t¦h3[{w{wh]ßvw|'xg+h7v}dfuftkd4K[hµHh7h]xE7[t¦vk|x>v}<$'h7xfh]{}|§ª³{w[g+h7¯[{>1?8 5 s° 5 . ; ¶cd4h¥|g [ªvwdf|tmZHh7{§|tkv}ºuh7'h7[E{}|['{}'y4tg$vwdfh7g$v}|7v}d4h7[{wrª³[{mv}dfhSt¦h3[h]xfh7{|¸]h]ª³'{}g3yfv}|[x4t
[ª9lE¨u¯±h]N² thS~>y4vw|'x4t7¶
cdfh34Hh7{m|tm[{w'[xf|¸7h][t1ª³[¯1t]¶19|{t¦vm¯h{}hS7[6v}dfhXu|´¼@h7{wh7x>vm7[{w{}hSßvw|'xv(rsHh]t§x4º|xu­
vw{}uuyZhv}d4h1[h]xfh7{|¸]h]XlE¨u¯h7B² t	h]~>y4v}|[x4t]¶ 3 ªèv}h]{Rv}dZv]°>¯h1t¦y4]hSt}t}|'h7rf{w[hv}d4hh¨u|t¦v}h]x4h
|x¹xº[uhS~>y4vwh"t}hv}v}|xf+ªR+t¦'yuvw|'xª³'{h]'dª³'{}g3yfv}|[xÀ¶





[ª¹v}{x4t}[h]{wt}h 4 f)f u|[h7{w[h]x4hXª³{wh7h 6 x4/º[xf'|´vwy4u|x4 4 f)7f y4{}Rª³{wh7h 6 4[{¦vS¶  h7v Ω µZhµH[y4x4uh]'Zh]xt}hv1[ª
R
3 °u¯|´vwdº  |Zt}df|v}¸7[x>v}|xsyf[y4tµH[yfxZf{wr Γ ¶
ÊÊ Ó
g4øßÞßøßÝ
:   )Q 	  
	 





]xµZh"ª³'yfx4|x 8  ;
H0(div 0,Ω)︷ ︸︸ ︷





L2(Ω)3 = ∇H10 (Ω) ⊕ H2(Ω) ⊕ curlH(curl ,Ω),
︸ ︷︷ ︸
H0(curl 0,Ω)¯d4h7{wh
H1(Ω) = {u ∈ L
2(Ω)3 | curlu = 0, div u = 0, u · n|Γ = 0},
H2(Ω) = {u ∈ L
2(Ω)3 | curlu = 0, div u = 0, u × n|Γ = 0},
[{}h Zxf|´vwh_u|g+h7x4t}|'x4k[h]v}'{t¦Z[hSt7¶ cdfhE¯{w|´vw|x4
H(curl 0,Ω) 4 {}hSt¦Hh]v}|[h]r H(div 0,Ω) 6g+hSx4t<v}d4v
curl
­Nª³{}h]h 4 {wh]t}À¶ div ­Nª³{}h]h 6 h]h]gXh]x>vwt[{}h[xZt¦|uh7{wh]À°¯d4h7{wh][t H0(curl ,Ω) 4 {wh­t}Hh]ßvw|'h7r
















2curlB = −JT /ε0
∂tB + curlET = 0
div ET = 0
div B = 0
¯d4h7{wh
E = EL + ET
°






ET ,JT ∈ H(div 0,Ω)
¶
3 t}t}yfg+h"v}d4vv}dfh7[x>v}|xsyf|´v(rh]~>y4vw|'x 4+576 ushStxfvdf'©¶ <mxv}d4h[xfh"d4[x4©°uvwdf|t1h]~>y4vw|'xfh7Hh7x4ft1[xfr<[xv}d4h'xf[|v}y4f|x4[Àyf{w{wh7x>v1uh7x4t}|v(r
JL 4 µZhS7yZt¦h div JT = 0)
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H(div ,Ω) = { f ∈ L2(Ω)3 | div f ∈ L2(Ω) },















γn 4 xf[{wg$6v}{[h 6 xZ γτ 4 vw[xf[h]x'vw|[Àvw{w'h 6 {wh{}hSt¦Hh]v}|[h7rfh 4xfhSExZ7[x>v}|xsyf[yZt±'xv}dfh 4{t(vk[x4t¦hS[xZ[ªvwdfh]t}ht¦4'hSt 4 t}h7h 8  ;)6 
γn : H(div ,Ω) → H
−1/2(Γ), f 7→ f · n|Γ ,
γτ : H(curl ,Ω) → H
−1/2(Γ)3, f 7→ f × n|Γ .
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H0(div ,Ω) = { f ∈ H(div ,Ω) | f · n|Γ = 0 },
H0(curl ,Ω) = { f ∈ H(curl ,Ω) | f × n|Γ = 0 }.£ ht}d4Àuh7x4v}h"µsr










X0 = H0(curl ,Ω) ∩H(div ,Ω).
4[{1X|xfhS{1t}4[7h
V ⊂ H(curl ,Ω)
°u¯±ht}d4Àuh]xfvwh§µsr
V (curl ) = {f ∈ V | curl curl f ∈ L2(Ω)3}.






b : H ×M → R,
[x4v}dfh{w|v}|[xZ@f{w[µfh7g       χ ∈M ′ 	 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  - 






B ∈ L(H ;M ′)
µsr
〈Bv, µ〉 = b(v, µ) ∀v ∈ H, ∀µ ∈ M.
£ huh]xfvwh§µsr




















V ◦ = {g ∈ H ′;< g, v >= 0 ∀v ∈ V }
¶
±Â 	   X u   f  Ä ¥ Â	
  - 























 )    -   
B′
  






‖B′µ‖H′ ≥ β‖µ‖M ∀µ ∈M ;
 ))    -   
B
  







‖Bv‖M ′ ≥ β‖v‖H ∀v ∈ V
⊥.
 +f psh]h"v}dfhµHs 1<µsr  |{w[yfvkx41Ks|[{¦v 8 





 	[)	 (   
Y
A : D(A) ⊂ H → H






  gX'xfvw[xfh  
(Av, v)H ≥ 0 ∀v ∈ D(A) 	 
A
  g+¨u|g$Hg+[xf[v}'xfh  # 
	   %' 
λ > 0
 d - 
I +λA : D(A) → H   S f
 ÂsÆ  Â   
   Â'ÄÆ  





  %') 
	   
S
Y      )
H
f  -  
	)	
u0 ∈ D(A)
   	)	
f ∈ C1([0, T ];H) 	  -%'   ,b 














 +f cdfhf{wsª9|t'|'h7xª³[{h¨f[gX4h"|xvwdfhµH>'1<ª {}z]¸7|t#8  ; °4dZÀ¶ «  ß¶
Â   u  L
λ ∈ R









  >  - 
  )S   & )    ^ 
 ' eλtf(t) 	 
Q )  v(t) = eλtu(t) f   
> 	)# d, 






A + λI 	 
 λ ∈ R 	    %') 
	   
S
Y 	 )V
' S  Y	 
  -[)	)	  '  >  f
Â   u  L
V
   -[)	    - > +
H 	  d	 a(., .)  
  ) 
^ )	 )
   
V × V
f  -  
a
  b  
' 	 )
  -   
A ∈ L(V, V ′)
f  -
,	 	 &(  - 	)	 
	      
 A  - 	 )
  -      
S S a 
Yd' ( 

D(A) = {u ∈ V ; v 7→ a(u, v)
 






[ -   +
H}
  	    	)	 u ∈ D(A) 	 〈Au, v〉 = a(u, v) ∀v ∈ V f  
 
-
 	 Au    >% S  	 -  




H 	    
  ) 
^ 	)
L    H 	 )	)	'Y
S 
 Au ∈ H ′ f
ÊÊ Ó
g4øßÞßøßÝ
5    )Q 	  
	 





w2 6 ) B  

 - -	-¬





























E× n = 0
[x




E(., 0) = E0
°
B(., 0) = B0
[x4
p(., 0) = 0, 4  6
twvw|t¦ª³rs|x4
div E0 = ρ(., 0)
[x
Ω, div B0 = 0
[x
Ω,
E0 × n = 0
[x
Γ, B0 · n = 0
'x
Γ.






  Æ¬Æ  
  
ÑÆ   	   
   L
 
	)	
 ,   	 =   
	)	 & )  Y	    	 () E 	
B 	 p 























& )     
 








(., 0) = E1,
& )










hS~>y4vw|'x<ª 4  6 ¶cd4hk|xf|´vw|[©[xZu|´vw|'x 4 
 6 |t±[µuv|xfh]µ>r$7[x4t}|fh7{w|xfv}dfh 4{t(vh]~>y4vw|'x<ª 4 . 6v
t = 0









































U(., 0) = 0
[]'{wu|xf$vw 4
 6 [x4 4  6 °©|ª U |t§t}y <|h7x>vwrEt}g+>[v}d|x_v}|gXhX|v"|g+f|hStkvwd4v
U = 0
°u¯d4h7x47h"v}dfh 4{t¦vhS~>y4vw|'x[ª 4 . 6 ¶
QF E   c% ]!c R-]!P(_Qc=K aPMK!c R-]!P(_ ]+_
E
4{}'g x4¯[xÀ°1¯h_'t}t}yfg+hEvwd4v
J ∈ H(div ,Ω)
°1dfh]x4h|xWZ{}v}|yf{






ψ ∈ H10 (Ω)vwdfhyfxf|~>yfht¦'yfv}|[xv}
∆ψ = div J
¶cdfh7x
J̃ = J −∇ψ
yfv}[g$v}|7r$[h7{w|4h]t
div J̃ = 0
¶
  Æ¬Æ  
  
ÑÆ   	       , 

	2 [ >	    	 & ^ 
   )  - %^>

    	  	    )
E
 
P = −∂tψ/ε0 − c
2∂tp
b)Y
(E, P ) ∈ X0 × L
2(Ω)
 







































, ∀q ∈ L2(Ω),
4  6
Y	 ^
∂tB + curlE = 0 	
   
 
 )  -	 
 ))
	 >  )  - 	  
Y   f















































































































P = −∂tψ/ε0 − c
2∂tp




5    )Q 	  
	 
= 	 	 
Y YY
 
  <mxfh¹uh7{w|[h]t3vwdfh 4{wt¦v$h]~>y4v}|[xO[ª 4  6 |x X ′0 f{}s|uh] v}dfh¹t}[yuv}|[x (E, P ) |t$t}g+sv}dh7xf'yf[d6°u|´ª	[xfht}hvt












  cdfh"v}d4|{h]~>y4vw|'xd4[ft|x L2(Ω) µsr7[x4t¦v}{wy4ßvw|'xÀ¶
Â   u  ? - >7
^	Y+ 	 &(7 	 
d
>   -
 ∂tJ̃ 	
  [S X ′0 f 
& 	 ) > X0  Q   ! 
  H0(curl ,Ω)  ! H(div ,Ω) 	  - >  
Q) 	 ^
 
	 Q -[ 
	   f X=^>% 	 ) -#)? & &(   	 & -  &(# 
  






E 	 &(  > 
 curlE ∈ L2(Ω)3 	 &  ?) Y	  curl curlE ∈ (H0(curl ,Ω))′ f
 L 
∂tp 	
&(     -  
  
∇(∂tp) ∈ (H(div ,Ω))
′ 







	 ∀F ∈ H(div ,Ω) f
   	)	 
 	  )  
> 

 S  -
Y  
 
























    -f
 [
  











b(u, λ) = (div u, λ)0 ∀(u, λ) ∈ X0 × L
2(Ω).
 hv




B : X0 → L
2(Ω)′
x4
B′ : L2(Ω) → X ′0
vwdfh|xfhS{[Hh7{vw[{tfh 4xfhSµ>r 




















































B = {v ∈ X0 | div v = 0},
Vρ = {v ∈ X0 | div v = ρ/ε0},
V ◦ = {g ∈ X ′0 | 〈g, v〉 = 0 ∀v ∈ V },





















±Â 	     - )	)
( 
b
   [ )7    











 +f £ hxfh7hSvw+f{}'hkvwd4vvwdfh7{whh¨u|t(vt β > 0 t¦yZdvwd4v 






















div u = λ ∈ L2(Ω),
curlu = 0 ∈ L2(Ω)3,
u× n|Γ = ∇ξ × n|Γ = 0
[t












0 + ‖div u‖
2
0
= ‖∇ξ‖20 + ‖λ‖
2
0
≤ ‖ξ‖21 + ‖λ‖
2
0











5:   )Q 	  
	 





























   

J ∈ C2([0, T ];H(div ,Ω)), ρ ∈ C2([0, T ];L2(Ω)), (
∂ρ
∂t
+ div J)(., 0) = 0. 4!5  6







  , 
	  
(E, P ) 	    
 ) 
E ∈ C0([0, T ];X0(curl )) ∩ C
1([0, T ];X0) ∩ C
2([0, T ];H(div ,Ω)),
P ∈ C0([0, T ];L2(Ω)).
 +f  <mxºv}dfh3[xfhdZx4©°Zv}d4hµf||xfh][{1ª³'{}g b [h]{}|4h]t1v}dfh¥|xuªè­®t}yf_'x4u|v}|[x¹|x¹v}d4h3t}4[7h
X0 × L
2(Ω)
¶5cdfh]xÀ°±'7'{wf|xf_v}  h]gXg$ 5 ° B |t+x5|t}[g+'{}fd4|t}g ª³{}'g V ⊥ [x>v} L2(Ω)′ ¶·kh7x47h§v}dfh]{}hh7¨s|t¦vwtXyfxf|~>yfh
E
⊥ ∈ V ⊥
t}y4dvwd4v
BE⊥ = ρ/ε0.
lE[{wh7[h]{]°suyfh§vw$|xfhS~>y4|´v(r 4 ||| 6 |x  h7g+g$ 5 [x4[t ρ ∈ C2([0, T ];L2(Ω)) °
E
⊥ ∈ C2([0, T ];V ⊥).
<mx¥v}dfh[v}dfh]{	d4x4À°h7v
ϕ ∈ H10 (Ω)
µZh"t¦'yfv}|[xvw
∆ϕ = ρ/ε0



















AV : X0 → V
′ °
F 7→ AV F
°4t}y4dv}d4v
〈AV F,G〉 = c
2(curlF, curlG)0, ∀(F,G) ∈ X0 × V.
Yª
(E, P )
|tmt¦'yfv}|[x"v}kv}dfhg+|´¨uhSf{w[µfh7g 4 6 °|v|g+f|hSt6vwd4v E |t9kt}[yuv}|[x"vwkvwdfhª³'¯|x44{}'µfh]g){wh]t¦v}{w|v}h]v}
V  |x4 E ∈ Vρ t¦yZdvwd4v 
∂2E
∂t2







3 ]'{wu|xf3v} 4!5  6 °uv}df|tf{w[µ4h]g)|thS~>yf|[h]x'vvw  9|xZ W = E−E⊥ ∈ V t}y4dv}d4v 
∂2W
∂t2










































u+Au = f, u(0) = u0. 4+5: 6
®x>vw{}uuy47h
H = V ×H(div 0,Ω)
D(A) = {u ∈ H | Au ∈ H} = V (curl ) × V.
 hvy4t1'ug+|´vª³'{v}dfhg+'gXh]x>vvwdfh"ª³[¯|xf  h7g+g$f¶
±Â 	     -  >
S

I +A : D(A) → H







3 ][{u|xfv}_1h7g${>1u°9¯h<7x/[ffrEv}d4h·1|h­ 't}|f¹cdfh7'{}h]g  [twt¦y4gX|xfv}dZv u0 ∈
D(A)
[x4
f ∈ C1([0, T ], H)
°f{}'µfh7g 4+5: 6 d4[t yfxf|~'y4hEt¦'yuvw|'x u ∈ C0([0, T ], D(A)) ∩
C1([0, T ], H)
¶
cdfhdsrsHv}d4h]t}h]tªv}dfh·k|h­ 't}|f+cdfh][{wh7g7[{w{}hSt¦H[xZ$v}
  f ∈ C1([0, T ], H) ⇐⇒ ∂tJ̃ ∈ C
1([0, T ], H(div 0,Ω))
¶
cdfh{w|'d'v1t}|fh§d4[ft¯dfh7x
J ∈ C2([0, T ];H(div ,Ω))
xZ
ρ ∈ C2([0, T ];L2(Ω))
¶
  u0 ∈ D(A) ⇐⇒ E0 −E
⊥(., 0) ∈ V (curl )
xZ
E1 − ∂tE






⊥(., 0) ∈ X0(curl )
¶l¹[{wh7'h7{S°
div (E0 −E










































u ∈ C0([0, T ], D(A)) ∩ C1([0, T ], H),
ÊÊ Ó
g4øßÞßøßÝ
5    )Q 	  
	 




W ∈ C0([0, T ], V (curl )) ∩ C1([0, T ], V ) ∩ C2([0, T ], H(div 0,Ω)),
y4xf|~>yfh¹t}[yuv}|[x5v} 4+5 . 6 ¶ pu|x47h X0 = V ⊕ V ⊥ °¯hdZK[hh¨u|t¦v}h]x4hºxZOyfx4|~>yfh]xfh]twt+ª§v}dfht}[yuvw|'x
E
vw 4 6 °4[][{u|xf3v}+v}d4ht¦f|v¦v}|xf
E = W + E⊥ ∈ C0([0, T ], X0(curl )) ∩ C
1([0, T ], X0) ∩ C
2([0, T ], H(div ,Ω)).
  Yv	{}h]g+[|xZt©v} 4x4
P














































−AE ∈ V ◦.







−AE ∈ C0([0, T ], L2(Ω)3),
¯h"[µuv|xvwd4v
P ∈ C0([0, T ];L2(Ω)).
c<'gX4h7v}h§v}dfh4{}sª(°u¯h"xfh7hSv}+f{w[h  h7g+g$ . ¶
 +f 8 ¬{}sª9ª  h7g+g$ . ¶ ;  h7v1y4tt¦d4¯Wv}dZv I +A |tg$¨s|g$©g+[x4v}'xfh§[x H ¶±'x4t}|uh]{
u ∈ D(A)
¶







2 − u1 · u2 − c
2curlu1 · curlu2
+ |u2|


















¶ £ h¥s 1ª³[{
u ∈ D(A)
t¦yZdºv}d4v
(2I + A)u = f
°4v}d4vm|t7°H¯±h¥s 1ª³[{







2u1 − u2 = f1 ∈ V,














u2 = 2u1 − f1
4u1 + AV u1 = f2 + 2f1.
cd4h¥µf||xfhS{mª³[{wg
































ψ = ϕ−∇λ  ¯±h"[h]{}|ª³r$h]'t¦|r3vwd4v (∇λ, ψ) ∈ H0(curl ,Ω)× V ¶ <mxfhmdZ[t]°uµ>r<fh 4xf|v}|[xª u1 °
〈c2curl curlu1, ψ〉V = 〈AV u1, ψ〉V = (f2 + 2f1 − 4u1, ψ)0.
lE[{wh7[h]{
〈c2curl curlu1,∇λ〉H0(curl ,Ω) = 0.cd4h7{whª³[{wh[°




u1 ∈ V (curl )
¶
£ hfh]uy47h<vwdfhh7¨u|t¦v}h]x4h<[ª
















  	  
  

B0 ∈ H0(div 0,Ω) ∩H(curl ,Ω),
Y	     -
  ,[ 	    (E,B, p) 
  
 ) 
E ∈ C0([0, T ], X0(curl )) ∩ C
1([0, T ], X0) ∩ C
2([0, T ], L2(Ω)3),
B ∈ C1([0, T ], H0(div 0,Ω) ∩H(curl ,Ω)) ∩ C
2([0, T ], H0(div 0,Ω)),
p ∈ C1([0, T ], H10 (Ω)).
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¶ 3 7'{wf|xfv}¥¬{}'Z>t¦|v}|[x . ¶ ªb8 5; °>vwdfh7{whkh7¨s|t¦vwt v ∈ X0t}y4dv}d4v
v · n|Γ = λ
¶¬jmt¦|xfXv}df|t
v











P ∈ C0([0, T ], H10 (Ω))
¶
<mx½v}d4h$v}d4h7{d4[x4
J ∈ C2([0, T ], H(div ,Ω))
°9¯dfh7x47h















p(., 0) = 0
°u¯±h 4x4[r'hv






= −curlE, B(., 0) = B0.
£ h[1sxf¯ vwd4v
curlE ∈ C0([0, T ], H0(div 0,Ω) ∩H(curl ,Ω)) ∩ C
1([0, T ], H0(div 0,Ω))
°4t¦|x47h
curlE · n|Γ = curl (E × n)|Γ = 0.
3 t
B0 ∈ H0(div 0,Ω)∩H(curl ,Ω)
°>¯h Zx4rX[h7v
B ∈ C1([0, T ], H0(div 0,Ω)∩H(curl ,Ω))∩
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+ curlE = 0
























ρ ∈ Ck([0, T ], L2(Ω))
°
vwdfh7{whh7¨s|t¦vwt







⊥ ª±puyfµ4t}h]ßvw|'x : ¶ës¶"pshv}v}|xf W = E −∇ϕ x4 J̃ = J + ε0∂t(∇ϕ) °@v}d4h¥f{wh7s|[y4tkf{}'µfh7g]x µHh<¯{}|v¦vwh7x/¯|v}d ºx4|t}df|xf_t}[yf{hXv}h]{}g |xvwdfh[t¦vh]~>y4v}|[xÀ¶ £ h<v}dsy4t¥7[x4t}|uh7{vwd4v
ρ = 0
|xv}d4ht¦hS~'y4h7N¶
 9F+G   NIC\ ILWYP(_U PUQI! _QWYP QZK+ILU I	c R-]!P(_\
  Æ¬Æ  
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ÑÆ   	  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   f
cdfh4{}sª9|t'g+|´v}v}h]À°4t¦|x47h|´v1|t[h]{}rt}|gX|{v}+vwdfhf{w>[ª[ª{w[H't}|´vw|'x 5 ¶
 9F E   c% ]!c R-]!P(_Qc=K aPMK!c R-]!P(_ ]+_
E
ckµ4yf|kK[{}|vw|'x4[ª³[{wg¥yfvw|'xÀ°Sh7v9y4t9[twt}yfg+hRv}d4vvwdfh7{wh¬h7¨u|t¦vwt9kt}g+>[v}dt}[yuv}|[x
(E,B, p)vwf{w[µ4h]g 4 ± 6 ¶ 3 tmv}v}dfhX{}hS~>yf|{wh]_t¦g+svwdfxfh]twt]°Z¯h¥{whª³h]{kvwdfh3{wh]'uh7{kv}ºh7g$[{1 : °@¯|v}d p{wh74'h]µsr
































































































, 〈BF,G〉 = c2
(
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, u(., 0) = u0. 4+5  6
psh7v
H = X0 × L
2(Ω)3
[x4
D(A) = {u ∈ X0 ×X0;Au1 + Bu2 ∈ L
2(Ω)3}
¶
±Â 	     -  >
S

I +A : D(A) → H
 [ %')  	L 
   7f
 +f  h7v u ∈ D(A) ¶¬cdfh]x






2 + c2(div u1)
2 − u1 · u2 − c
2curlu1 · curlu2
− c2div u1div u2 + |u2|







2 + c2(div u1)
2 + c2(div u2)
2 − c2div u2 div u1
+ |u1|
2 + |u2|






¶ £ hms 1+ª³[{
u ∈ D(A)
t¦y4dv}d4v




2u1 − u2 = f1 ∈ X0,






2 (u2 + f1),


























2 (u2 + f1) ∈ X0
[x4
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J ∈ C2([0, T ], L2(Ω)3)
( 












   [[) )  	     
  

(E0,B0) ∈ X0 ×H0(div 0,Ω), E1 ∈ X0, AE0 + BE1 ∈ L
2(Ω)3,
 - Y	   
  -   , 
	   
  
 ) 
E ∈ C1([0, T ], X0) ∩ C
2([0, T ], L2(Ω)3),
B ∈ C2([0, T ], H0(div 0,Ω)),
p ∈ C1([0, T ], L2(Ω)).
 +f 3 77[{u|xf$v}  h]g+g+ : °©¯hX]x_[ffrºv}dfh+·1|h7­  >t¦|fcd4h7[{wh7g vwvwdfh3hS~>yf|[h]x'v4{}'µfh]g 4+5  6 ¶§cd4h¥dsrsZ[v}dfhSt¦hSt1[xºvwdfh+t¦'yf{w7h"v}h]{}g$t§x4¹'xºv}dfh+fvw$g+h][x¹v}dZv u0 ∈ D(A)[x4
f ∈ C1([0, T ], H)
¶Rcdfh]xºf{}'µfh7g 4+5  6 dZ[tXyfxf|~>yfht¦'yfv}|[x u [h7{w|ª³r>|xf
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+ curlE = 0
∂p
∂t




['xfX¯|´vwdvwdfh|xf|´vw|[6'x4u|v}|[x4t 4  6 [x4<vwdfhµH[yfx44{wr'x4u|v}|[x4t



































Γ × [0, T ],
p(., 0) = 0,
∂p
∂t
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 ! 	2    ?  ()
p(t) ∈ H1(Ω)
 


















+ div J, q)0. 4  576
£ ht}hv]°sª³'{
p, q ∈ H1(Ω)
°





A, C ∈ L(H1(Ω), H1(Ω)′)
¶Rcdfh{w|v}|[xZsf{w[µfh7g

































H = H1(Ω) × L2(Ω),
D(A) = {v ∈ H1(Ω) ×H1(Ω) | Av1 + Cv2 ∈ L
2(Ω)}.
±Â 	    -  >
S

I +A : D(A) → H
 [ %')  	L 
   7f




(c2∇u · ∇v + u v) dx
ª³[{
u, v ∈ H1(Ω).
 hv
u = (u1, u2) ∈ D(A)
¶




2 + u21 + u
2





2 + u21 + u
2

















¶ £ hms 1+ª³[{
u ∈ D(A)
t¦y4dv}d4v




2u1 − u2 = f1 ∈ H
1(Ω),






2 (u2 + f1),







































E(∆, H1(Ω)) = {q ∈ H1(Ω) | ∆q ∈ L2(Ω)}.
  Æ¬Æ  
  
ÑÆ   
p(., 0) = 0 	 ∂tp(., 0) = 0
 
(∂tρ + div J) ∈ C
1([0, T ], L2(Ω)) 	 Y	   




















 +f 3 4frs|xf+v}d4h·1|h­ 't}|4Xcd4h7[{wh7gº°svwdfhf{w[µfh7g)dZ[tXyfxf|~>yfh¯±hS 1<t}[yuv}|[x
























+ div J), 4  . 6
[x4_t}
∆p ∈ C0([0, T ], L2(Ω))
¶®x½vwdfh7{§¯±'{w4t7°


































+ div J, ϕ)0.
ÊÊ Ó
g4øßÞßøßÝ
 :   )Q 	  
	 
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>% 	  -
p ∈ C0([0, T ], H2(Ω)).
 +f cdf|t|t t¦v}{|[d>v}ª³[{w¯[{w'x4t¦hS~>yfh7x47h¹ªvwdfhEªÑ'ßv<vwd4vS°kt¦|x47h ∂np|Γ µHh7[xf>t$v}






{f ∈ H(curl ,Ω) ∩H(div ,Ω) | f · n|Γ ∈ H
1/2(Γ)}.
3 ]'{wu|xf¹vw 8 
7; 8ë±dZuvwh7{ ¥°	fÀ¶  : 





£ h"v}dfh]x¹[xZy4uhµsrt}[>|xf3v}dfhdsrsHh7{wµZ'|7[r'{}{wh]v}hS<f{w[µfh7g 4 · 5 6 ¶
  Æ  Æ  Ñ u Ã   > [ - ( -    
  

ρ ∈ C2([0, T ], L2(Ω)), J ∈ C1([0, T ], H(div ,Ω)),
  
  ) )  	 
 )  - 
  

p(., 0) = 0,
∂p
∂t




  ,  	   $& ) 
p
 [)     
Y
E ∈ C0([0, T ], X0) ∩ C
1([0, T ], H(div ,Ω)), B ∈ C0([0, T ], X) ∩ C1([0, T ], H0(div ,Ω)).
 +f 3 t (∂tρ+ div J) ∈ C1([0, T ], L2(Ω)) °4¯h7[x[ffr$v}dfh4{}h]>|[yZt{}'Z>t¦|v}|[x¯dfh]x4hvwdfhh¨u|t(vwh7x47hx4yfxf|~>yfh7xfhSt}t1ª
p ∈ C0([0, T ], E(∆, H1(Ω))) ∩ C1([0, T ], H1(Ω)) ∩ C2([0, T ], L2(Ω)),






































+ div J) −
∂2p
∂t2
+ c2∆p = 0.
3 tÀh7¨sHh]v}hS©°
p


























D(A) = H0(curl ,Ω)×H(curl ,Ω)
¶	cdfh[twt}yfg+uv}|[x4t9[ªHcdfh7­
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